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Chapter I 
Introduction 

1.1 The problem of diffraction pattern* or, ae they are often 
called, radiation patterns, has long enjoyed the attention of both 
experimental and theoretical workers. This has been particularly true 
in recent years and considerable effort ha* been expended to design and 
develop antenna feeds and reflectors or focusing elements for micro- 
wave transmission which would produce distent fields of certain prescribed 
characteristics. Most of the work has bean experimental for, while it is 
possible to determine accurately a distant field pattern from a known 
flux distribution over an aperture (1) (2)**, the converse has not been 
true. 

1.2 The problea of relating analytically a known distant field 
pattern to its source distribution over nn aperture has received the 
attention of only a few investigators. While their work has thrown con- 
siderable light on the nature of tho problem, their results have not been 
generally applicable. P.. C. Spencer (3) has investigated the Fourier 
Transfora method in considerable detail. Solutions nay be obtained by 
this method in certain cases but one must proceed with caution in extend- 
ing the limits of integration to infinity. Another approach to tho prob- 
lem hat been nod® by P. M. Woodward and J. I). Lawson (4) in a study of the 
two dimensional problem. In this study tho limits of the aperture arc 
extended to infinity in only one dimension. 

1.3 In this paper an analytical method for determining the amplitude 
distribution of electric and magnetic field vectors over a finite aperture 
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1* developed. The aothod la bacod on direct integration of the haxwell 
field equations end the fact that uniform phase amplitude distributions 
of plane polarised electric field vectors and their corresponding aper- 
ture distributions nay bo added scalarly at each point in space and over 
the aperture. It Is rigorous and requires no assumption* regarding aper- 
ture Halts. The only restriction placed on the aothod firm a practical 
point of view is that the postulated distant field pattern for idileh the 
source distribution is sought , Bust be of such a nature that it may be 
set up by circularly Byrmetric, plane polarized waves over the illualnated 
aperture. A relatively staple neons of checking & postulated pattern to 
detemine if it coots this requirement is also developed. 

1*4 The integration of Harwell's field equations has been developed 

by Stratton in collaboration with Dr. L. J. Chu from a method proposed by 
Eottler (5). The first part of this paper. Chapter II, Is dovoted to a 
saenary of Stratton* s vector solution of those equations loading up to 
and Including the solution for diffraction or radiation froa a surface 
with discontinuous illtral nation, such as n finite aperture. 

1.5 Tho analysis is further divided into four parts, presented in 

Chapters III through VI. Chapter III presents an investigation into the 
use of Stratton's equations for dotemining a distant field pattern froa 
a known aperture distribution. The solution for the case of constant aepli- 
tude distribution over the aperture is exact end contains the snail, gen- 
erally neglected, component of energy flow nornal to the direction of 
propagation. The recruits of this enelysis have been used throughout the 
remainder of the paper to provide the general characteristics required of 
the distant field. In particular, tho G function is contained in all 
assuaed distant electric field vector patterns and provides tho necessary 
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rector direction to the £ component of the fiold in addition to the t.iue <t 
+ i (aj-6 -lit) 

range factor: — 

n 

1.6 Chapter IT presents tho solution for I(Z^) encountered in the 
integral equation** which always arises froa circularly symmetric, plane 
polarized aperture distributions. In theory, the solution is United to 
a sa&ll class of I(Z 2 ) functions (aperture distributions} but in practice 
the restrictions are of little significance. 

1.7 Chapter T presents a development similar to the method given in 
Chapter IT. This development, however, throws considerable light on the 
types of field patterns which are theoretically possible. It also pro- 

ry 

vides a means of solving for the aperture distributin'.., l(Zf'), but in 
general it is not as neat a method as that developed in Chapter IT. It is 
slightly ocro general end could be of use in some cases where tho method 
presented in Chapter IT fails. 

1.8 Chapter T1 presents a very special type solution for the aper- 

A 

ture distribution where 1(3} is a function of alone and Is independent 
of M n*. It is staple and direct but very limited in use. 

1.9 Conclusions are contained in Chapter TII. 

1.10 A list of syabols used with definitions and a table of vector 
identities are contained in Appendices I and II. Curves of required aper- 
ture distributions to give certain distant space energy patterns are con- 
tained in Appendix III. Appendix IT contains a short discussion on one 
special property of determinants. 
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Chapter II 

Direct Integration of V njcvell' s Field ^quatioas 

2.1 The eolution to Maxwell's equation* given here ie the solution 
developed "by J. A. Stratton (1) and is contained in detail in his 
glectroopjraetic Theory, sections B.14 and 8.15."* The following develo^ 
neat has been oodified slightly to better serve the purpose of this paper. 

2.2 We shall postulate that at every point in specs the electric 

♦ 

end magnetic field vectors ore subject to Harwell's field equation*. 

.Further, let us as sun a that the field equations contain the tine only as 

+ic<jt 

a factor e and write the field equations in the form 





(2.01) 


VK/Z^iu tE_ - _P 


(2.02) 


v-d-.jz f* 


(2.03) (6) 


E-I=i f 


(2.04) 



where J.* and f* * are fictitious densities of "angnetic current * end 
"aagnetie charge** which to the beat of our knowledge have no physical 
existence. Both the real and fictitious currents and charges are related 
by the equations of continuity 

— '!■ " * 60 f 3 - 0 ( 2 . 05 ) 

— 'X ~ l *= 0 ( 2 . 06 ) 
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which any be readily shown to bo satisfied, by the field equations by 
taking the divor/yneo of (2.01) end (2.02). 
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2.3 The rectors R and J£ satisfy** 



V x (VXE)- = i “aI-Vx J* 


(2.0?) 


VX(Vx_H) - i z 'j£ = i to zT*+ VX T 


(2.03) 


where k^= <o ' £ /X since 




VXf-i<^//r 


(2.01) 


V x(vxE)-i tOyLL VXj£ = -SZ-XT* 




¥_X(VX_E)-t co^u (Zr\u) £JZ)=~ZZxJL* 




5ZX (vx£ ) - aj z e / u_£L= i <vju.Zr ZZ *_Z* 


(2.09) 


and V Xj£ + i to e£_ =J_ 


(2.02) 



5 x(?x//jf^£ VXf--vxJ 

VX(V Kj£)-t'icut{-J+ ico^MJi) = 3 _xT 



Vx (Vx/£) - /£- i to eT*+ V xT <2.10 ) 

2.4 A direct proof of the do si rod result can bo obtained by apply- 

ing the rector analogue of Green's Theoron to the field equations. Let 
V be a closed region of space bounded by n regular surface S, and let £ 
and £ bo two rector functions of position which together with their first 
and second derimtiros are continuous throughout T and on the surface S, 
then, applying the? divergence thsor® to the rector £ X (J£ X £) 



f v z{j?x(vx£) dv-. J[px(vx£jj * < 2 . V djcU 



( 3 . 11 ) 



*• 



A table of rector identities is contained in Appendix II 
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The intogrsnd of tho volme integral nay ha expanded to 

fy[z.xF-¥x&-F-vx(vxg ) ]^= J ^Px(^xQ)^ ^ (2#12) 

By siaply interchanging £ and £ 

j 1 2.x&.-ZxF-£.-S.x(Z*F)] <X*-=J [a*(ZxB)-^ d* (3 . a3 ) 

and subtracting (2*13) fron (2.14) vo have: 

f v [-£LF x(vxp) -P-VX (vxO)J cUb 
= J [Px(jZx_g > )-.£)x(VxP,)] * 



(2.14) 



2.5 



In equation (2.14) 



let P= 3 



£ =■ i> a vhore a is a unit vector in an arbitrary 

direction and 

_ i -&A 

4**-? — } Z£ = - /(!*■+£)*?. 

sz.- = -^V 



(2.15) 

(2.16) 



We have tho following identities: 

(i) FLXQ.- = V& xcl-</> vxa, 

since V X a. = o {2V) 

2.XZX&S5& (£•&)-&(& 'Z4)+(*r¥)'Z4-(Z£-V) a, 
= <A iV -h(d ' V ) V# 



V-j£:0 and (Vtf'V) as =0 s/nce <Zs / s 3 constant 

(j3*-S)zi = (&-'ti)-(s_i-2)& + a,x(S.X2j.) 

+ Six (vxz) *v(a.-Vji) SWC e 
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. . . jsv\^V')x£l] \ = ^*> [(v*v)xy-jy-Vx2._ex2.] 



t . r.: 



V 



.1 r . )'}«-!» 



«i> [(£ xv ) XV -q - ^xv'iy v •_&] ^ 

Ci x v ) x A - ^a.* vy xT 



v£xSj v$~\\ » 



* 



4+m» •! 



. 



3E 



-,...., ^ == _ 

U« Oli«MU 

-^Tx t A -— 9 = ^ 

.. . yV'-W-S- 

:<•*/ 4 tim^i +rl * 4 f •* 

^_XV^ = ^.X^V = =£*2. 

so^va *X*S*&X 2 .*. 

* * * 

* yV-^2)-^S^.*)+^ •2')&-\A-3Z.'ft2 =J&X2 H2. 

i*V V2.- = 

XtvxXx^oX ^ XXXXi ^ - . 1 , yv_’ ) \>N 6 v) - ^_‘ V 

ji>^L-^s.Mys- - ^a &■ a) 

30 V.V& ^.^--(Mvyx^v + 
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( * V)j 2, - 0 Vj6_ =o %_X CL=0 

) j 

• vx (vxg)- ti^gi +v(&' Wi 

(3) (f^ X ^ -- (Z*4? 

(4) VX&JCPjryxfYX^^^^jT- Z*.X* (2.20) 

Substituting equations (2.17), (2.18), (2.19) and (2.20) in 



(2.18) 

(2.19) 



equation (2.14) we hero: 



- f [gCvgxd,) ~4> &X(Vx£)j • /TV daJ 

Tha integral over tho volueo nay be written 

(L ‘ J" (l<VyU.T<f> - VX T*d)dv~-J^ £ • V(&' V_£) dyy- 

-Oy-f (iaj/4&-S7xJ~ty<str+f (a,- VJ>)(V'E) dyr 

J\/ J V 

- J £'£(&• dv- = —'f [ i 0 - 5 x 31* & 

t vt (V-£)J dv -&L‘f (£ ’(2k) ¥£ day 

The integral over the surface in equation (2.20) nay bo written 



J dot- 
( 2 . 21 ) 



(2.22) 




(a, •E)(Vrf-/ri)-(£- yg)(ct, '/m)J - ' (a±'E)(v_ -nru) 

+-(&'¥)(£' 2k)] j d^b 

- j ^ikk' V0)E-t £ • S7d>) ay " ‘ 2?)jL~(£' 2k) vj 

= a- f x(£X2k) +0[<2k x (¥x£)]] dxv 

= &'J (2k*M) x W + rf&xO^-TV]} day 



day 



(2.23) 






. 

V ,r ! 
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<^-^xY s£l\Y_‘ ^V N , 

v ■ V 

IW - \ -l£*V) XV •'• 

<JL*X) = ^S*2 -) 

*1.* V -3l W i* i VL a § x 1 &x' V) x v = v=£x v) XV ... 

.*> ,V.” /*> ,(< 1 « ) ^ V *^#*r .*... 

!-» ' ~ \*I. r> *~i 



-t4> j KkS 



A- 






\r<\ 



(^X V) X ^ ^ - (^X*£7>VJ ^ = 



(,VV -1 ^ ^ 

'-^ (^r V) ^Y • ,£> ) ^V'^^’lXV-isjl V\O^X "^jvjs = 
^*I X V - \1 ^ i"! ^ v j^- 

V*5fc ZY (n£n- ^ &_- V& ^L'V) VZ -V 



Ittm 



e, v 

Ml n 



^vrcs* VX^ • ^ X)V?*Y * V? X— ‘ :SO^J | ^ 






■\ 




^ [[y v^'XhXy- ^>y^-v^XY -^VYV^Y .^n 

n 5 ^ ^ - 
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Combining equations (2.22) and (2.23) and since a Is arbitrary 

( i coju, 7~ - V* T * V t- /*) dw- J' £ t 4J/U. (rn> xj/ j 

+ (/*sX£’)x V^+C^-Z) SZ£-*vx 7~*j dcu 

The identity 

J' S? X <P £*dv-= J' Ek *JL* $ day 

V *T*)f -j\ dsv - J' EE X £*4 or 

f v X T*</ chr = f /yy*T*<fi dti, + f t T* X Vjfi d*r 

Js Jv 



'V 




reduces equation (2.2*4) to 



J' (i <0 /lT$-T*x Yj£ + ~k xH_)<, i 

t(mjxE) x +(/W'£) Vj?j cUu 



( 2 . 24 ) 



( 2 . 25 ) 



2.6 The validity of this relation has been established for regions 

within which both and & =■ <j> a are continuous and posses? continu- 
ous first and second derivatives. . £ however, has a singularity at 

r - 0 and consequently this point nust be excluded. Let x*, y* , *• bo 
the coordinate of on interior point and lot a sphere of radius be 
circunocribod about the point x* , y’, a* its noraal, £, directed out of T 
and consequently radially toward the center. Tho area of tho sphere van- 
ishes with tho radius as 4 7? r^ and since V^--^ (<■ ) fro = + ~k) <// 

and (<SrxE) X rn+(ryv 'E)ee - E the contribution of the spherical 

surface to the right hand side of equation (2.25) reduces to 47rE(X-^ ) 
The value of K at nny interior point of ? is, therefore: 

(icoM -T*x v? + ff’Z/)cU- 

■ xtf)4 +!mi t£)x daj (1.26) 
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j* ~\, X ^ ~ W (^ vi<s) \^yx \^X ^ ) V 



^Si ^ 3 l x ^ ^ ~\ L ^> y. V ^ 
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An obvious interchange of vectors l«ads to the corresponding expression 
for H. 

// (Kfj}')- i^SS luJ £ t ~ x ^ ^ 

+ Xj£)t-fexj{)x^-fartf) T&J dcu (2.27) 

2.7 If all currents rod charges can bo enclosed within a sphere of 
finite radius, the field is regular at infinity and either side of S may 
bo chosen ae its interior* 

2.8 Let us suppose now that the charge and current densities are 
confined to a thin layer at the surface 3. As the depth of the layer 
diminishes, the densities nay bo incron nod to that in the limit the voltne 
densities are replaced by surface densities. If the region V contains no 
charge or current within its interior or on its boundary S, the field at 
en interior point is 

and sine© either side of $ nay be chosen as its interior 



/[<W m 'xH)j>+(fivxJz)x V# +(/&•£) day 



( 2 . 28 ) 



where £(x) is tho electric field vector distribution out of the aperture. 

2.9 In the case of radiation froa an aperture the aperture will be 
defined as a finite circular area in space of radius *a" over which the 
source distribution of electromagnetic energy exists. She aperture is 
shielded in the direction of the negative norsal by a perfectly absorbing 
screen of radius "a* through which electromagnetic energy way not pass. 

Tho area over the face of & parabolic reflector closely approximates this 
definition of nn aperture. 

2.10 equation (2.26) holds true only if 2£ and H are continuous and 
have continuous first derivatives at all points of 3. It cannot, there- 
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foru, be Applied directly to the problen of radiation from an aperture. 
To obtain tha raquirad extension to ouch eases consider the closed sur- 
face S (closed at infinity) to be divided into two aones end Sp by a 
closed contour C, as in Tig. 1. 




Hie rectors J And & and 
their first derivatives are 
continuous over 3^ end satisfy 
the field equations. The sane 
is true for 3 2 * However, the 
coauoneats of X and R which 
are tangential to the surface 
are subject to a discontinuous 



change in passing across C. Th® occurrence of such discontinuities can bo 
reconciled with the field equations only by the further asmwption of a 
line distribution of charges or currents about the contour C. This line 
distribution of sources contributes to tho field, and only whan it is 
taken into account do the resultant expressions for K end H satisfy 
Maxwell's equations. 

2.11 A ccthod of determining a contour distribution consistent with 
the requi recent* of the problem was proposed by Eottlcr (5). A disconti- 
nuity in the tangential components of '£ and H in passing on the surface 
free zone 5^ to zone Sp implies an abrupt change in the surface current 
density. The teminatioa of a line of current, in turn, can be accounted 
for according to the equation of continuity by an accumulation of charge 
on the contour, let <ljj b© an eleneat of length along the contour in the 
positive direction as determined by the positive normal & in fig. 1. Let 
be a unit vector lying in the surface, normal to both £ and df and 
directed into zone 1, Designate tho line densities of electric and cag- 



01 



*' * 4 ,#rt * * '■ ' - n VH v »« ,-,*1 

**° k< **%••»*>•«• 0 s * ** <<a* tt* to%Ct*W «k| ci« 44 * #f 

V i* !• f* ,, * J i **• 4 <t v' ei [ a> >^flri a* a 

*• ..'i'i :l •• t 4. j : »,o U*I> ijv 



•» i^l »»•»••* *m 

<W<% in jt n» wmcmf 

.• uf« 4 i «i(i 

>U ld» J An* £ %» i^|a» 
*->**- *> «*.• ► » r - * 

• t if I , 0— m 

*' • i - »#••-« n £*»* %a 




* *• -i* l »'4f» *<f V *.\>» *> .I^ « 4 f . .* « r«ri 

.7 >•»♦ • , • -v. •,-j-T^* ; o »•>> . «(• ••»+- . 

•I it m*i* ^U* W .U*.t> *a* M r! >^ur, i- n^ltwd \+nl 

tVlf^i J »••• . V" eac:*--i rtfel 



<VJ» t.M. . 0 .C' k ff J 

-Meant* « .t«) *.r##irt ttf ... 0 .,y vv •*- .# ^ ll; «*, 

» mmm «i J ** i %• *<mm» ^ a « VSM 

• »-. ^ •,<} n I ♦ n'v'r fr"***: - •« f r..’- i A »«r< f 

- ,✓ • V- , - ? -rv, > 0 ^rj/ * o •»£;« . r * /• ♦ . 4 



•ai an v. ~ '^r. •!#--» 1 . * it„, - ., , . ., 

*<♦ •*> v* v»'* >«* fwc^r ,f w -j. 4*7 >7 -. } n 

# * •* •»* ’< I *•»«* "*11UOr .14 y? «• .rr>j*-.l> 

i-* t . ' t ' 4 . i # n. ..j ni v.W ,.*.«* #£o# * .. jA 

^ >r “* w, * r **' y » ' ■ ►^'4'Hfct »r«il <*a . ./ i-w ■ */J »'•;(>>• 



11 



cetic charge by (T and (T . The equations (2.05) mad 2.06), when applied 
to surface currents hscone 

(TL, • ( E, ~ tfz. ) - l oj (T j fry, * (K - K ) * I & V 

where £ s electric current surface density 
K* = magnetic current surface density 

l = -a * a; sT - n X I 

Hence | 

\ cJT= <ry, • 

j «j(T*=sry, ‘(MXE.-^xEj = -(£z-E t )‘(yy, x{jy) 

fiV'XQV- (f/(rVre /) 

2.13 For radiation froa an aperture 8„ represents an opaque screen 
and over it •Sa and Fj, are everywhere sero. Therefore, the field at any 
point on the shadow side is frees equation (2.26) 

£M = -rr.* Ty. f ^ 

+ (m/x£,)x V? + (&■£) VfiJ cU, <*•*•> 

and for the magnetic field vector distribution* 

- ( X Z? 5 -(w-H) ^ (2.30) 

Equations (2.29) and (2.30) will ho used as the initial relations in the 
analytical developments which follow. 
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Chapter III 

Detsraination of the Distant Field. 
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3.1 It has been shown by Stratton and Cha (Chapter I of this paper) 
that the electric field vector resulting frosi radiation through an aper- 
ture nay he expressed as 



47T EU1 =- yze J ?±(Hl •</s)-f'[i<usA(43txrf L )f 
+ (/n'X F, ) x V <£_ + ( />v - F, ) V ctt/ 



(3.01) 



** 



The subscript 1 In this expresoion refers to area 1 (area over the 
aperture). Since B aud H arc zero throughout area 2 (area In plane of 
aperture outside the aperture) JEj and will sinply he written as J and 
R. In addition, the development will ho confined to circularly symmetric, 
plane polarized £ and H distributions so that 1= i (^,a); K = M (j 3 ,a). 
3.2 The purpose of solving equation (3.01) is to deternine the 

vector and range characteristics of S(x) resulting from Sj and H distribu- 
tions as assumed above.. This end will be net most easily by aseuaing a 
constant amplitude distribution over the aperture and this will be done. 
At present, however, for development purposes let 

E = 3nd 



//= /*/(?,*) J: 

and let the aperture lie in the x, y, plane such that n h k. Fig. 2, 



page 



**Tho time factor e ^Is understood to be present in this 
and sinilar expressions. It will later be included in the 0 and F func- 
tions. ]5 and H are in tine phase over the aperture. 
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3.3 In aquation (3.01) consider 

W ({£• 4i) 

, A . A A 

Kota that for g= M ( y ,a) J, and ds in the x, jr, plane H . dii will cancel 
in pairs about the contour C. Hence, 




j> ¥^(d‘ds)=0 and 

('"'Xdlt+fexl)* VA+tdl-i)^ day (3>02) 



I'erforaing the indicated rector Eultiplication: 



i co/jl (evxH)# - S4^[£xM(fj £L )i] = (f, &)j_ 






and 



since ^ ~ , y/= 1 /^ } CL -f\ ) 4 = ~ 



we may write 

l CO JU (rts *H)4-- i COyLL M (f j cl) l = - J(f 0,)j_ 

= -±S I (f,o)L - -it-I (f t &)1 

'puS 

and (oyxd)x = [A* Iff; &)1 j * YA 

= 1 ( f j cL )[t. * zA] 
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V+ 






A ' A 

(<ryx£)*V± = -\-li I (?&)[!*■ y^J |;£*A' 

Jbo^- sin 8 cos j>£ + sin 8 sin ^iL + cos & A 
^ X fro - Co $ 9j_- S'i) & cos f A did 



(/rvx£)x V£ = - i A &I(fj *)("TT/l)( C0S 8 i_-sin 6 cosy^) 



(3.04) 



(nv- £)?d-i(rA){l->\ 



Vj> -o 



(3.05) 



Substituting equations (3.03), (3.04) and (3.05) in equation (3.02) 
we have: 

+K£(x)=iAjj ?f('f J 0')[i+( / + jj A J^cas 6 i- sin 6 CospA) dau 

For the distant field ^ ^ / 3n J (/ + ) *- / 



(3.06)‘ 



hence 



3.4 



41i £_M = i A^( incase) j_-5/n e casj>A,J j' cbv 

z AAl j'f/ +oosd) i -sin e cosj> Aj J j?—- — — J(f > ) a) dcu 
Fron tho geometric relations derived in Fig. 2 
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(3.08) 
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and we nay substitute r = R in the denominator of equation (3.08). 

•mi. eiT«« f[ ,fC0 j±- sin 6 e " f i j [ 



A A A 



-iif f T ,« , i Apsm 6 ais(f-f)l „ „ „ 

e I l(f,0.)e ' jfdfdf 






Z7T 

j ?=0 Iff *o 

■f ■ \ (cut-kR)\ , 



where 0 - ^ e 



)i~K 



£(/ -hcose)j_ - sin e cos 



A . A 

3.5 Bow, since y is independent of J we nay replace cLy by 

A A 

d(f-f) in equation (3.09). Also let ■& f stn 0 * Z 



liquation (3.09) hecoaes *?T . % 

A *' - - - r i z cos (f -f) . 

e 






Mf-f) 



f~o 0 

Fron Jrhnke and i-Jade (7), page 149 

ii C OS J> ii*LJ> 

W (z)= 3F / e e d- f w 



/ A/( l z. COSCp 

e f df 

e(z)=JL f 7(Pn)f z'n-T,Uh'ne)df 

Z 7T 

VO 

3.6 To deternine the general fora of j£(x) lot m*)- 

i.e. constant oaplitu&e distribution over tho aperturo then 

EjX ) - G I J' f T 0 (& f sm e) & f> 

,g irU^j x(*m *(*?<»*) 

V /3 
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(3.09) 

(3.10) 



(3.11) 
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(?) 



E (x ) = G I -& f sm 6 X ( #7° <s/n e)\ 

s )«&)*■ h* 



f=<L 



f 



' G I a JL [Ad sin e) - G T CL T.(-kei sin e) 

“ - 3U «//>V 



ht 'c-'^asine and 

EL M - GI cE JL(x ) 0 . 12 ) 

X . 

3.7 3i»llnrly # using equation (2.30) vre nay solve for the nagnetlc 

field vector distribution in distant space. 



(3.13) 



Fraa Stratton + y?//(x.) s 7 ^-, ^ ^£-43+£[ive(/n/x£)J- 
(Cw y //J Y V# - (m/ •//_) V flj cLoj 

Again, since &)± and dj lies in the j, 7 , plane 

jf VV E'cLs = 0 and 

47? /j(x)=J[ i <<>& (rfcx£)0-(t*vxA)xVt dev 

lent (*vxE)j>=icoe>i Al(fi<L)t(/+ /Zl 
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Y-P =0 , 4ya<n Pot /L>»/ J (*+i J * 



(3.14) 
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iiquation (3.15) is identical In fora to equation (3.09) and 

fHx) f */](? £)/$(£? sm t)<Lf 

Jo 

/*!(?,&)= j tf ( x.)=£ftjtt 



For 



(3.17) 

z 

(3.18) 



3.8 The solutions for K(x) and K(x) as the? appear in equations 

(3.12) and (3.18) are the no at useful foms in this analysis but to ver- 
ify that they are correct in practice one uust use the expression for the 
energy of the distant field since this energy is all that nay be aeaeured. 



(0 



3.9 



V*'/z FxR 



where H indicatee coaplex conjugate of H 

^ -a -i(<ot-%'R) 

U . ii_§. -rr 

n ." rx 



*[ o ■h COS 6)^ - Girt 6 Sm f A 

'P*’ , /z I/yfaf'Z&j [^(/fcosdji- 

sme cosfAj x ^0 + cose)±-sm$smf±j 
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since Sin 6 << (/ ^ cos 6 )-for 6 <M, fhiB expression for the energy flow 
agrees with the generally accepted solution given by Schelkunoff (2) for 
tronaoi salon through a circular aperture. 

2.10 The renalnder of thin paper will he confined to relations 
between, the electric field vector distribution and the corresponding aper- 
ture distribution. There is no loss in generality in doing this since 
the energy in distant space is proportional to the square of the seplitude 
of the electric field vector. Specifically; 
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Solution for Aperture Diatrlbution 
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4.1 Souation (3.11), page , -(x)= G f* t %(A.f 

Jf*o 

is the integral equation that will always aria© fron a circularly sym e- 
tric plane polarized amplitude distribution over an aperture. Its eolu- 

A 

tion for J£(x) It I ( f ,a) is known is in general not difficult and nsy be 
r-ccoeipliaked by numerical integration if other ncans fail. However, the 

A 

solution for I (f ,a) when F(x) is known presents a different problem. 

4.2 One nothod of attack has been to use Fourier transforms. This 
requires the assumption that the Units of integration may be extended 
fron 0 to » and considerable error nay be introduced since the function 

A 

I ( f »a) nay make a large contribution to the integral between a and 00 . 
If we write: 



8(x) = 




Kf » a ) f tf 




nine ) I(f ,a)f 




(4.01) 



then the error introduced in solving by Fourier transforms or Fourier - 

i 

Bessel transforms is equal to the value of the second integral. Obviously, 



for certain l(f ,a) functions this error will be large and only in special 

A 

cases will it be zero. In practice, it is impossible to have I(f ,a) 

A 

eoual to zero at f * a and hence an error will always be introduced if 
this method is used. If the unit step function is included as a factor 
in the aperture distribution end Fourier - Bessel transforms are used, the 
extension of the limits to infinity introduces no error but this method 
leads to rather formidable equations except in special cases. 

4.3 The method developed hero requires no simplifying as sumptions 

regarding limits of integration nor aperture size. The equations are 
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relatively einple and the integrations aro direct. 



4.4 



Returning to equation (3.11) £(*) * Q.J' K f »«) / Sind ) 



Asnune that I(^,a) nay ho written as xfcf/tL ) J = 1(2- 



■) 



(4.02) 



This assumption inposes no further restrictions on 1( f ,&) since it has 
already heen specified that the aperture distribution be circularly 
synnetric. 
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In equation (2.11): let Z= f/a, 
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then f - Cb t£. 
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Taking the euamatioa sign outside the Integration la perai selblo 
here aiace only distributions which ere possible In practice will he con- 
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sidered; to he possible 

Z/(z‘)*r I it z most be finite at 2 - I } hence £. I z % most be finite. 
H*o * se 
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integrating by parts where J]u. dv djuo 
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Using this result we may write equation (4 05) as 

E]Jl) r GrO. f ToA.,(X)+J^ z (-// I, 4 [& (&-/)(■&-*)•'••{■&-?• (xjjj 

t 0 * or If i (4.06) 

m jyi, <»[W*+Ws J 

+1 z + Z 1^ + zI L + 4 l f + sl /o + J 
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4.6 Now: If the desired pattern is expressed in terns of./! p (%) 

and if we consider as the independent variable we can e-uate 

coefficients of the 
the desired pattern be expressed in terns of -^-^(>^is not a restriction 
imposed by the method so much as a restriction imposed by nature. The 
reason for this is discussed in section 5.3 page 

4.7 The following two examples solved for distant space patterns 

for which the corresponding aperture distributions are known 3how in detail 
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the oethod of solving for 1(2''). 



Exanple 1: Let £(x) = G I a 2 J^x) for which KZ* 5 ) = I (2) 
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that is constant amplitude. 
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** Appendix IV 

*** This nay he readily shown using equation (3.11) p. 
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' rin - 0 for y and we have : 
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For a general solution assuae that K(x) = G (ty 
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7 (-/) '” v+l ~ (mu- 1*4,)! J, 

*'—±rJ- ~T< »»-***■*) 



4.9 



hut 



L 



(i/nO-Z+k.) 

<7>v + l 



4*i 

* * 

- 6 !er k > 0 and 



•=r z / >/7W/^/ r 

^ S f : 

syn> ! 



z 



smJi-l 



I. 



mv 



(Z mv-2.) 



/. I 



(zmv-2s) 



= 2-nrb I (1/J 

d. z 



srrJi-/ 



(4.08) 



£ <t 
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*qii«tioa (4.09) provides a rent ly naans of nolvin.; for the far P. k <2 «-2. 

ror J = 1 + ^1-' Ifrmo-Z) =0 

of '/> 

Substituting fron equation (4*08) for in the above expression, 

T 2. ~T~ y K onJ+f 

1 (z«rv-4) ~~ -^T (~ 0 <tn Lj ^vzd (4.10) 
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which is readily recognised as the binotaial expansion of izJ=. /rrv 0- L ) 

CL 3 - 

'Therefore, the required aperture distribution to give a distant space 
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electric fiold vector distribution of £(x) =. I 0, -A^(x) is 

1 ( 2 *)* fr 

Us 

I (£*) ^ sm/ (/- Z) 1 (4.16) 

4.10 Several interesting facts nay be deduced froa equation (4.1$). 

Only whenVt ( (x) is present in this distribution in distant space will the 
aperture distribution have a value at the edge of the aperture where Z = l. 
Since in practice there will always be tone energy at tho edge of the 
aperture we nay conclude that £(x) will always have A. t (x) in it. This is 
inport&nt since it tends to introduce sido lobes at low values of x. See 
Pig. 3, Appendix III. To radiate a loboless pattern this tendency of S(x) 
to go to zero at the zeros of_/L / (x) and further, to go negative (i.e. 
phase reversal) between alternate zeros of_/L,(x) aust be overcone by 
hi^ier -/L (x) functions. But the introduction of higher -A. (x) functions' 
tends to broaden the pattern. This forces a conpronise between be«» width 
characteristics and sidelobe characteristics. The general tendency, as 
has been known fron experiment, is that to radiate a narrow pattern means 
the introduction of sidelobes and vice versa, the reduction or elimination 
of sidelobes tends to broaden the pattern. Theoretically, from an exami- 
nation of equation (4.16), it is seen that a lobeloss pattern nay be 
radiated without infinite energies over tho aperature. All that is neces- 
sary is to choose-A^tx) such that the first zero of-A^/x) occurs at 
x - ka Sin 9 * ka (i.e. at# = 90 ). Note here, that since k - j nud 

that A is inversely proportional to the frequency tho value of x increases 
ac the frequency of the radiated energy increases and further, the order 

Z 'rru~ l 

of -^.^(x) must be increased. Since I(Z ) ^ n(l-Z ) , the energy at 

the center of the aperture nust be noro r»nd more sharply peaked to radiate 
a lobeless pattern as the frequency of the radiated energy is increased. 
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Thu same it true as the dimensions of the aperture are increased. Tig. 4* 
Appendix Ill'Shovs tho required aperture distribution to give a lobelcss 
pattern for a frequency of radiation and aperture size such that ka = 10. 
Theoretically, a distant space distribution ofAy (x) will give the desired 
loboless pattern, however, in order that the practical requirement that the 
energy not be equal to zero at the edge of the aperture be met, a distri- 
bution of A, (x)f-Aj(x) has been chosen. Note the shoulders that appear 
in this pattern at 0 - 50* and d = 90* • These can be reduced only by 

increasing the proportion of TV ^ (x) over the amount of A, (x). Increasing 
the proportion ofAg, (x) requires a reduction of the relative amount of 
energy at the edge of the aperture compared to the amount of energy at the 
center. In tho limit, complete elimination of these shoulders may be ob- 
tained by reducing the energy at the edge of the aperture to zero end 
radiating a pureA y (x) pattern. 

4.11 Tigs. 5 and 5a, Appendix III,shov clearly the effect on the re- 

quired aperture distribution of narrowing the radiated pattern by choosing 
a distant space distribution containing a higher order A (x) function 
which is subtractive. In Pig. 5, showing the distant field, a comparison 
is made between pattern and a 2 -A^ — A. ie> pattern. Tho half power 

point of the former occurs at X = 3.1 and that of tho latter occurs at 
X * 2.6. A reduction of some 16$ is obtained. Pig. 5a shows the compari- 
son of aperturo distribution® corresponding to tho two above fiolds. It 
will be seon that the distribution corresponding to the narrower pattern is 
hollow in the center of the aperture. Such distributions r-re always ob- 
served in center fed paraboloids and are caused by the feed support. The 
hollowing out of energy at the center has narrowed the distant space pattern, 
at the sane time it has increased the amount of energy in the sidelobes. It 
appears, however, that in theory at least, a postulated field pattern could 
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b« approximated as closely as desired "by a Pourior-Bessel series of _/\_ 
functions and then the required aperture distribution could ho readily ob- 
tained using equation (4.16) page 26. An attempt at such an analysis is 
beyond the scope of this paper due to tine liuitationa. 

4.1?. Two additional postulated distant space distributions with their 

corresponding aperture distributions are plotted In Pig. 6 and 7. In Pig. 6 
curve 1 is the distant spaco distribution for i 

§> ^ (1a., ^ ) 

It shows the result that nay be obtained fron a conbination of -A functions. 
The resultant pattern is lobeless to ka sin $ = 10. Its half power point 
occurs at X = 4.2. Curve 2 of this sane Figuro shows the effect of sub- 
tract ing .A /9 fron the distant space electric field distribution which gave 
rise to curve 1.. The half power point now occurs at X = 3.2, a reduction 
of nearly 24$. note the largo increase of energy in the first side lobe 
which begins at X = 3.6. The pattern has been narrowed but at the expense 
of poor sidelobe structure. Pig, 6a shows the aperture distribution 
corresponding with curve 1 of Pig. 6; Pig. 6b shows the aperture distri- 
bution corresponding with curve 2 of Fig. 6. 

Figure 7 is the aperture distribution for a pattern having no 
center lobe. Pig. 7a is the aperture distribution corresponding with this 
space pattern. 

4.13 In addition to these pattern. Pig. 3 is a plot of theA. functions 

¥ 

for order 1 through 12 plus 16 and 30. A table of values for all -A^ 
functions, 1 through 30, for values of argiaient zoro to 10 is tabulated on 
the pages following Pig. 3. These values have been takon fron "Table of 
Spherical Bessel Functions", Volume II, 1947, prepared by the Mathematical 
Tables Project, national Bureau of Standards. The page following contains 
powers of (1- 2. ) evaluated at intervals of one tenth for 0 < H- < ^ 

and is included for ready reference. 
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Chapter V 

Theoretically Possible Patterns 



5.1 



Starting again with equation (4.05) page 
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(4.05) 



(5.01) 



If now £(x) is expressed in series form in powers of (x/2) n = 0, 1,2,3. . 

1%. 

we nay equate coefficients of (x/2)^ and solve for the L^. 

5.2 This method permits a theoretical solution whenever the field 
distribution may bo expressed ns a power series and is more general than 
the method given in Chapter II. However, the real worth of this method is 
that it provides a rather easy means of investigating a proposed pattern to 
determine if it is theoretically possible. Tills nr.y be shown as follows. 

5.3 lot G a f A be the coefficient of (x/2)^ 1 of the proposed pattern, 
then eouatlng coefficients from equation (5.01) 

A* tL J l . £0? —1 

£. 0 (-ft+wK) 

cL /mi ! /no ! A - Y h£ = _jL J IzA 

(-O'** t+WH *■-<> t+^ZrOt-t 

Zfrn'-f/) I syyvl (- ^4, 

,f '*//nv-H ( 5 . 02 ) 
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If ve consider a finite number of Ig^., and tho Ig^ are 'bounded, which they 
Bust he for the aperture distribution to he possible in practice, then as 
b increases towards infinity we »sy write equation (5.02) as 

3 

Z(/»o+i)! (srw)! L Itf u/here 3 ,s £r,;te (5.03) 

/7Yl> OO A^O / y TV ^ oe 

In this expression for tho their sun will remain finite only if A is of 
such fora that it cancels the (n * 1)/ n/ (-1) on tho left. This requires 
that E(x) he a tun of Bessel Functions or sinilar functions, or conbina- 
tion thereof, and only in special cases will tho distant space distribu- 
tion not he periodic. 

5,4 The requirement that E(x) he expressible in terns of Bessel 

Functions is not in itself sufficient to establish that such a pattern is 
theoretically possible. Only a sun of single Bossol or sinilar functions 
will satisfy the requirecents that the coefficients of A in equation (5.03) 
cancel the factorial expression (flit/* 1 )! snv! 

5.6 As an exanple consider the field rector pattern 

£ 'M - I O e""^^ (5.04) 

" X. 

Such a pattern would pernit the reduction of side lobes to as snail a 
value as desired if such a pattern were possible. It is lenovn to he in- 
possible in practice and it nay he shown to ho inpoasihle in theory by 
applying the nethod given above. To do this 
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is inpossible in theory as well as in practice. 
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or 
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Chapter YI 

Solution for Aperture Distributions 
Which are Independent of Ba&ius 

\ 



6.1 A nethod of solving for I(f ,a) in equation (3.11) page 

A A 

when I( f ,a) = I(,P), that is, I is not a function of "a" nay be read- 
ily obtained as follows. 

a. 

E(i) s £(&l 'S'ao e)-G ff(f)Z(£ f s, *i &) f <L f ( -.oi) 

(La. ^ ~ ^ (4 fs/vfijfjd- f ?/(&■) s/StejdJ (6.02) 

Since the integrand of the integral is independent of "a" its derivative 
will be zero and hence the value o f the integral will also be zero and 

E(x) r (j df ((l)T„ (_A a. S//j &) 

Hence, 1(0.)- A jEt f '1 (6.03) 
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= r$ L a i T t (Ad •Sm 6 )J 
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be readily verified by direct integration of equation (6.01) for I (f ) - f . 
6.2 While thin oethod is quite United in practice it in easy to 

check a possible solution this way and if the expression for 1(a) in 
equation (6.03) results in a solution for I which is independent of 9 the. 
problem in readily solved. She space patterns which will give such a solu- 
tion aro those which arise fron integration of equation (6.01). 
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ChRpUr VII 
Conclusions 

7*1 9y following tlie accepted field options of Maxwell and retain- 
ing actual 11 it i of integration a nethod hao been develops permitting 
correlation of the distant field with a circularly symmetric aperture din- 
trlbution. This i» in distinction to earlier methods baaed on Fourier 
transforms in which the Unite of integration were extended to infinity, 
and the results of which wore not in general realietio. The method devel- 
oped here relies on the A. functions and give* realietio expressions for 
the lobe structure of distant epo.ee patterns* A nether valuable result of 
this work ia the definition of the typee of pattern that are physically 
possible, consistent with electromagnetic theory* 

7*2 The method developed gives a dose insight into the dependence 
of beam width, and therefore gain of the pattern, on the tolerance of lobe 
levels* As the pattern functions are mde to converge to lobeless pat- 
terns the corresponding aperture distributions are found to converge 
toward a point source centrally located on the aperture* The relatively 
narrow and low lobe patterns obtained in better radar equipment are found 
to correspond to certain types of hollow aperture distributions Which 
correspond closely to those obtained in this analysis* 

7*5 All possible circularly symmetric amplitude distributions over 
an aperture set up distant field distributions that are expressible as su as 
of JL functions* The absence of a Fourier - Bessel A Function method of 
developing pattern expressions is a distinct liiaitation to this approach 
to the problem* 
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Appendix I 

Table of Symbols (KKS unite) 


symbol 


Definition 


& 


radiu3 of aperture 


area 1 


area within aperture 


area 2 


area outcide aperture in piano of aperture 


c 


/ _ 

velocity of light c - 


c 


contour bounding aperture 


da 


differential element of area 1. da = fei fdLf 


d£ 


vector differential element of length about contour C. 


2(x' .y’z*) 


electric vector within volune V. 


£{*) 


electric field vector distribution in distant space 


? 


directrix, tine and range factor of H(x) 


f 


frequency 


0 


directrix, tine and range factor of ^(x) 




magnetic vector within volune Y 


H(x) 


magnetic field veotor distribution in distant space 


i 


square root of Minus 1 


i 

liiL.,*}. 


A 

unit vector in x direction 

electric field vector distribution over aperture 


I(Z 2 ) 


amplitude distribution of electric field vector ovor 
aperture 


I 


/V 

amplitude of I ( f ,a) for constant amplitude distribution 




unit vector in y direction 


J !a 


Bessel function of first kind, integral order n 


£. £* 


current density 


k 


phase constant 




unit vector in z direction 
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Synbol 



*. V 
H if 


electric and magnetic current surface densities 
magnetic field rector distribution over aperture 


M 

K(2 2 ) 


\ 

amplitude of K ( f f n) for constant aaplitudo distribution 

amplitude distribution of smgnetlc field vector over 
aperture 


n 


unit vector perpendicular to aperture in direction of « 

radiation 


h. e • f • 


space polar coordinate system ) 6 0) g> 0 - unit vectors 
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position vector fron center of aperture to point 
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position vector fron point (x, y) in aperture to point (R, 




unit vector in H direction 
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x = ka Sin 0 


AAA 

x t y $ 2 


rectangular coordinate system i » j., k - unit vectors 
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III 


/* 
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angle betwoen £ and f 
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peraittivity of space 
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inpadrmce of space ^ - V for conductance 0 


io 


unit vector in 6 direction 
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free space wavelength 


y^ t 

fj* 
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Lambda function of integral order p 
permeability of space 
charge density 
radius vector in aperture 

line densities of electric and ccgnetic charge 
angular measure in aperture 
unit vector in J direction 
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Appendix II 
Vector Identities 



(1) 


a, x (ax c) 


= (o-£)jb'(& b)c 


(2) 




= Vp + V^P 


(3) 


V(t <P) 


= $ i v V_£ 


(4) 


V_-(<L + b) 


= + A'k 


(5) 


VX ((L+b) 


- vxa. + vxb 


(6) 


v- 


_ d < V*b + $ V • CL 


(7) 


Vx(4>o) 


- vfx(L + <?> vxa. 


(8) 


3.(0, • A) 


- (L-3)k+(b 3)&+a i x(?xb)i-bx(vxO: 


(9) 


3'(<L*k) 


= VX CL -CL -Vxt> 


do) 


V x (&x b) 


a V'b-b v a-t-Cb- V) cl- (cl • v)b 


(ID 




- V7^ -V jfc 


(12) 


Vx vj> 


S 0 


(13) 


V-Vxa. 


» 0 



_AA y , h.) - 


V>Xi)K A>. 


A.V -v 4 V* X 
^ V A) i vjV ^ a 


L^y ^ iy 
AJAv 


3_-V "V v-V •■= 


Ayyyy 


<W \ ijXV = 


.^.■Y A xv 


>W ^ -V 6? V < j. 


.. V'A}*3?. 

j* 


■X.KV fc< r £ >. \ V - 


U.*) az 


\ y ''Z ) * i * v vy*>; / y ^ v.^yv aV Ay \ * } - 


\ v *•» \ 

vi> ',v)y_ 


v> X V ' \' ~ .X * '/ . r v _ t: 


vA i.*) ■ y 


y \'y ■ ; y ) •• > \y A ) ir A ■ v ’ y ->' v - 


V'i »i‘J A V 


A" ^ - l • \ y = 


^ v V X V 


^ Sr 


Vy >.7 


^ a 


J '/V -V 
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Fran. Fig. 2 

7?i - COS & • - cos e< j - Cos <jL 

K K 7? 

cos °< - 'f 3/q 6 s/n j> 

= 'f cos 5 ^ = sin 8 cos <p j cos <jL = sm 8 cos <p 
if cos y3 -~f sin 8 cos(f'f) cos /3 = sin $ cos(y-f) 



> ' 1 / ' zJ\f oos^ and -for K’>?>f 

- z h 

- If-f cos y3 - If' f s/n e cos (f~f) 
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Differential element of area in area 1 = oi/L - f d f d- <j> 
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Given a set of n sicultsneous equations of the forn obtained by 
equating coefficients ot-A-/m of equation (4.07) where n - 1 equations are 

ecual to zero. We have an array of equations as follows: 

(1) 0 = do A ^ *•<•< + A'zffn-i) l-(z(#v-i) 

( 2 ) 0 = ^ ^ t>z j T z + t >4 £4 h ?(, * ” “ -E z (/*/-<) 

(s) 0 = 0 t 0 +<=+1++ % /< + •• 

(j) A = 0 + 0 t •• + *-Z(j.-/) Tz(j- t ) t " • + *-z.('*-0 1 £('*’-') 



(n) 0=0 



■bo 






Assume first that none of the 1^, is zero end that all coeffi- 
cients exist. We may then solve for lot- where D is the determinant 

of the coefficients of the Ig^ and Dgj. is tho determinant forned by re- 
placing the column by the eolunn on the left. Then all Dgv for 
2k > 2(J - 1) will bo zero and all 1^ for 2k ? 2( j - 1) will be zero 
since tho first eolunn of D 2k will be a linear combination of colunns 
2 to 2(j - 1) and eolunn 2k. This reduces tho number of equations in the 
original array to j and tho equation nay then bo solved for I.,q - l)* 
The other equations nay then be solved to give the remaining for 



2k < 2 (J - 1). 
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As en example consider a equations for n - .5, j = 3. 
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then I, = ~D<> . We assume that I. and I- exist and that D 
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In determinant fora we have 
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Hence, our original ns sumption was incorrect and vo have loft J non- 
trivial equations which nay ho easily solved. 
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